A bstract . The identification of damping in multi-degree-of-freedom vibration systems is a well-known problem and appears to be of crucial interest. Compared to an estimation of the stiffness and mass, the damping coefficient or, alternatively, damping ratio is the most difficult quantity to determine. In this paper, the continuous wavelet transform based on the Mor let-wavelet function is used to identify the modal damping ratios of multi-degree-offreedom vibration systems. A new wavelet-based method for the damping identification from measured free responses is presented. The proposed method was also tested by experiments on a steel beam.
The identification of damping in multi-degree-of-freedom vibration systems is a wellknown problem and appears to be of crucial interest . Compared to an estimation of the stiffness and mass, the damping coefficient or, alternatively, damping ratio is the most difficult quantity to determine. While both mass and stiffness can be determined by static tests, damping requires a dynamic test to measure. The majority of damping measurements performed today are based on experimental modal analysis or modal testing [8] . However, this approach requires a specific measurement hardware and a complex software for determining the frequency response function of the system and extracting t he modal data. Furthermore, the frequency response functions will often give significant errors resulting from the influence of the noise and the spectrum overlap.
Over t he past 10 years, wavelet theory has become one of the emerging and fastevolving mathematical and signal processing tool for its many distinct merits . General overview of application of the wavelet transform may be found in [2, 6, 7] . The continuous wavelet transform has been proved to have a high level of efficiency in accurate information and short processing time. The wavelet transform has dominant advantages in signal filtering and other merits such as time-frequency characteristics, which make it possible to parameter identification [3] [4] [5] .
In this paper, the continuous wavelet transform based on the Morlet-wavelet function is used to identify the modal damping ratios from free responses of linear vibration systems with multi-degree-of-freedom. The following examples demonstrate the improvements of the proposed wavelet-based method on the damping identification.
THE CONT INUOU S WAV ELET TRANSFORM
This section presents a brief background on the Continuous Wavelet Transform (CWT) utilized in this paper. A thorough discussion of wavelets is given in references [1], [7] .
Using a mother-wavelet function ' 1/i (t) , wavelets are family of functions of type
generated from 'lji (t) by the operation of dilation bys and translation by T. In the time domain, 'l/! 7 ,s is centered at T with a spread proportional to s. The CWT of a signal x(t) is defined by: CWT { t, x; (t)} = t, CWT {x;(t)} (2.7)
MODAL DAMPING RATIO IDENTIFICATION

Signal envelope extraction with the CWT
Consider a signal x(t) t hat can be expressed by a modulated sinusoidal function
where a(t) is the envelope of x(t) and <p(t) = aot + /3 .
The CWT of this signal can be derived analytically by a simple function as follows (see also where K is a posit ive constant K = 27r
Expression (3.5) shows that the wavelet coefficients IWx(T, w)I at w = ao (called as wavelet envelope [5] ) is proportional to the envelope of signal x(t) described in (3. 1).
Damping ratio estimation using CWT
It is well known that a damped n -degree-of-freedom system with proportional damping Mq + Bq + Cq = 0, (3.6) can be solved by using the modal analysis [8] . This leads on n decoupled modal equations (3 .7)
Here Pi (t) denotes the i -th modal coordinate, woi is the i -t h undamped natural frequency and (i is the i -th modal damping ratio. T he modal damping places an energy dissipation term of the form 2(iwoiJ\(t) (viscous damping). This form is chosen largely for its mathematical convenience. The modal damping ratios (i are assigned by making measurements of the free damped response and estimating (i· The task of interest is to determine the modal damping ratios associated with each mode shape. The linearity of the CWT is useful for extracting modal data of each mode from measured free responses of the system. This will be demonstrated in section 4.
Consider the free response of a linear vibration system for the unterdamped case, the signal model corresponding to the i-th mode can be described by xi(t) = Aie-(;wo; t sin(wdi t + </>i), (3.8) where amplitude A is a constant and Wdi is the i -th damped natural frequency The decay envelope of this signal is ai(t) = Aie-(;wo;t. Note that it is difficult to extract the envelope ai(t) from measured free response with numerous natural frequencies. According to the signal model (3 .8), the logarithmic decrement 8i is given by
where m is any positive integer and Ti = 27r /wdi· Since the variations of ai(t) are slow compared to the period Ti , using expressions (3.5) and (3 .9) the logarithmic decrement 8i
can be expressed in term of wavelet coefficients as 
( -8i
. -V47r2 +of (3.11) In summary, the following procedure is required for identifying damping ratios: -Detecting local maxima in the wavelet amplitude map to determine natural frequencies.
-Extracting the wavelet envelope IWx(T,w)J at th_e natural frequencies.
-Calculating the damping ratios (Formulas (3.10) and (3 .11)). A specialized program has been developed on the MATLAB® numeric computing environment for this study. The program includes two modules:
-Signal processing functions for the continuous Wavelet-Transform.
-Calculating the damping ratios according to the above-mentioned procedure.
NUMERICAL EXAMPLE
In order to assess the performance of the proposed wavelet-based method, a testsignal with three exponentially-decaying components has been chosen for simulating the free response of a damped vibration system. Fig. 1 shows the signal in the time domain. The parameters of the signal are given in Table 1 . The frequencies of signal-components are different , t he last component has a high frequency with a small damping ratio. In order to ident ify "natural" frequency wai of each signal-component from the map in Fig. 2 , a numerical algorithm is developed to seek local maxima of t he three-dimensional surface [4] . The positions of the local maxima reveal t he corresponding natural frequencies in frequency axis (see section 3.1).
The wavelet envelope I Wx ( T, wai) I can be extracted from the wavelet amplitude map by a slice parallel to the t ime axis t hrough frequency wai in the frequency axis. According to formulas (3.10) and (3. 11), this envelope can be used to determine the damping ratio of signal components. Fig. 3 shows the envelope extracted at t he third natural frequency.
•ll <:l ::::l The ident ification data is given in Table 2 . It can be seen that the identification of the natural frequencies and the damping ratios is very good.
EXPERIMENT
Analysis of the measured impulse response of a beam provides a good demonstration of t'he proposed wavelet-based method . The experiment was ·done at a uniform steel beam of rectangular cross-section (25x30mm) with the clamped-clamped boundary configurat ion (Fig.4) . data-acquisition system sensor steel beam 
Fig.4 . Experimental set-up
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.. The time record of the vibration response is shown in Fig. 5 . The natural frequencies of the beam can be determined in advance by means of the spectral analysis with FFT. Fig. 6 displays the spectrum with the first four natural frequencies.
Since the acceleration of the free response at each vibration mode is nearly proportional to the corresponding displacement [3] , the measured acceleration signal can be directly used for damping identification. Fig. 7 displays the wavelet amplitude map of the measured signal. The wavelet envelopes displayed in Figs. 8 and 9 were used for estimating the damping ratios. The main results of the damping identification for the beam are given in Table 3 . Note that the damping ratio (i of the bending vibration of steel is small unless the structure contains viscoelastic material or a hydraulic damper is present. Common values are expected to be in the range 0 :::;; (i :::;; 0.05 (reference [8] ). Therefore, the results seem to be in good agreement.
CONCLUSIONS
A wavelet-based method for the damping identification from measured free response of multi-degree-of-freedom vibration systems is presented. The proposed method carries out the continuous wavelet transform of the response and the extraction wavelet envelopes in time-frequency domain. The damping ratio of each vibration mode is then determined by the value of the logarithmic decrement .
The wavelet-based method was also tested by experiments on a steel beam. As can be seen from t he identification data, this innovative approach proves to be a very effective signal processing tool for the experimental vibration analysis.
